Abstract. Via the BGG correspondence a simplicial complex ∆ on [n] is transformed into a complex of coherent sheaves on P n−1 . We show that this complex reduces to a coherent sheaf F exactly when the Alexander dual ∆ * is Cohen-Macaulay. We then determine when both ∆ and ∆ * are Cohen-Macaulay. This corresponds to F being a locally Cohen-Macaulay sheaf.
Introduction
The aim of this paper is twofold. On the one hand we consider the class of simplicial complexes ∆ such that both ∆ and its Alexander dual simplicial complex ∆ * are Cohen-Macaulay simplicial complexes. We call such ∆ biCohen-Macaulay and try to describe this class as well as possible.
On the other hand to a simplicial complex ∆ on the set [n] = {1, . . . , n} is associated a monomial ideal I ∆ in the exterior algebra E on a vector space of dimension n. Lately there has been a renewed interest in the Bernstein-Gel'fand-Gel'fand (BGG) correspondence which associates to a graded module M over the exterior algebra E a complex of coherent sheaves on the projective space P n−1 (see [4] , [1] ). We then wish to study simplicial complexes in light of this correspondence. Basic concepts of simplicial complexes have natural algebraic geometric interpretations via this correspondence. For instance we get a new description of a simplicial complex ∆ being Cohen-Macaulay. We show that ∆ is Cohen-Macaulay if and only if its Alexander dual corresponds to a coherent sheaf F via the BGG correspondence. Also, if this is the case we show that ∆ is a cone if and only if the support of F is contained in a hyperplane. Now the nicest coherent sheaves on projective space may be said to be vector bundles, or more generally those sheaves which when projected down as far as possible, to a projective space of dimension equal to the dimension of the support of the sheaf, become vector bundles. This is the class of locally Cohen-Macaulay sheaves (of pure dimension). We show that ∆ is bi-Cohen-Macaulay if and only if the corresponding coherent sheaf F is locally Cohen-Macaulay. This shows how the two themes of this paper are intertwined.
When ∆ is bi-Cohen-Macaulay, the associated sheaf F on P n−1 when projected down to P s−1 , where s − 1 is the dimension of the support of F, becomes one of the sheaves of differentials Ω c P s−1 . This gives quite restrictive conditions on the face vector of such ∆. It is parametrized by three parameters, namely n, c and s. This is the content of Section 3.
When c = 0, ∆ is just the empty simplex, but when c = 1 we describe all ∆ combinatorially. If ∆ has dimension 1 it is a tree, so when ∆ has dimension greater than 1 we get in a sense generalizations of trees. When c ≥ 2 a combinatorial description is too difficult, there are for instance ∆ which are not shellable but bi-Cohen-Macualay if char k = 2 but neither ∆ nor ∆ * are Cohen-Macaulay if char k = 2. We do this in Section 4. Now suppose F projects down to Ω c P s−1 . A natural question to ask is whether F is degenerate or not (the support contained in a hyperplane or not). This corresponds to ∆ being a cone or not. In the last section, Section 5, we conjecture that there exists a bi-Cohen-Macaulay ∆ which is not a cone if and only if n ≤ (c + 1)(s − c). We prove this conjecture when c = 1 and give examples to show the plausibility of this conjecture for any c. For the boundary values n = (c + 1)(s − c) we construct particularly nice examples of bi-Cohen-Macaulay ∆ with invariants n, c, and s which are not cones.
The BGG correspondence and simplicial complexes
We start by recalling some facts about the BGG correspondence originating from [2] . Our main reference is [4] .
Tate resolutions. Let V be a finite dimensional vector space of dimension n over a field k. Let E(V ) = ⊕ ∧ i V be the exterior algebra and for short denote it as E. Given a graded (left) E-module M = ⊕M i we can take a minimal projective resolution of M P :
−a . Now the canonical module ω E , which is Hom k (E, k), is the injective envelope of k. Hence we can take a minimal injective resolution
−a−n .) By fixing an isomorphism k → ∧ n V * where V * is the dual space of V , we get an isomorphism of E and ω E (−n) as left E-modules, where we have given V degree 1 and V * degree −1.
We can then join together P and I into an unbounded acyclic complex
such that M is ker d 0 and also im d −1 . (One should use ω E instead of E in this complex since ω E is the natural thing to use in the framework of Koszul duality and hence in the BGG correspondence, see [4] .)
BGG correspondence. The terms T i have natural algebraic geometric interpretations via the BGG correspondence. Let V have a basis {e a } and let W = V * be the dual space of V with dual basis {x a }. Let S = S(W ) be the symmetric algebra on W . To M we then associate a complex of free S-modules
If we sheafify L(M ) we get a complex of coherent sheaves on the projective space P(W )
This, in short, is the BGG correspondence between finitely generated graded (left) E-modules and complexes of coherent sheaves on P(W ).
SupposeL(M ) has only one non-vanishing cohomology group; a coherent sheaf F. Then the terms of the Tate resolution T (M ) give the cohomology groups
Since for a coherent sheaf F the cohomology H i F(a) vanishes for a ≫ 0 when i > 0, we see that for large p d p ) ) for all p. Therefore if we find that the only non-vanishing cohomology group ofL(M ) is F in degree −p, we shall think of M as ker d p in T . Then (1) and (2) still hold. Remark 1.1. The BGG correspondence induces an equivalence of triangulated categories between the stable module category of finitely generated graded modules over E and the bounded derived category of coherent sheaves on P(W )
Due to this remark we may also start with a coherent sheaf F, and there will be a module M over E such thatL(M ) only has non-zero cohomology in degree 0, equal to F. Forming the Tate resolution T (M ) we also denote it as T (F) and say it is the Tate resolution of F.
Projections. Given a subspace U ⊆ W we get a projection π : P(W ) P(U ). If the support of the coherent sheaf F does not intersect the center of projection P(W/U ) ⊆ P(W ) we get a coherent sheaf π * (F) on P(U ). How is the Tate resolution of π * F related to that of F ? Via the epimorphism E → E(U * ) the latter becomes an E-module. It then turns out that the Tate resolution
Note that
In particular we see that the cohomology groups
Linear subspaces. If U → W is a surjection, we get an inclusion of linear subspaces i :
2. Simplicial complexes giving coherent sheaves.
Let ∆ be a simplicial complex on the set [n] = {1, . . . , n}. Then we get a monomial ideal I ∆ in E which is generated by the monomials e i 1 · · · e ir such that {i 1 , . . . , i r } is not in ∆. Dualizing the inclusion I ∆ ⊆ E(V ) we get an exact sequence
Note that E(W ) is a coalgebra and that C ∆ is the subcoalgebra generated by all
Then we can use the BGG correspondence. A natural question to ask is: When doesL(C ∆ ) have only one non-vanishing cohomology group, a coherent sheaf F ? It turns out that this happens exactly when the Alexander dual simplicial complex ∆ * is Cohen-Macaulay. Let us recall this and some other notions.
The Alexander dual ∆ * of ∆ consists of subsets F of [n] such that [n] − F is not a face of ∆. Via the isomorphism ω E ∼ = E(n), the submodule C ∆ corresponds to the ideal I ∆ * in E.
A coherent sheaf F on a projective space is locally Cohen-Macaulay of pure dimension n if for all the localizations F P we have depth
This is equivalent to all intermediate cohomology groups H i F(p) vanishing for 0 < i < n when p is large positive or negative. It is also equivalent to F projecting down to a vector bundle on P n .
Let c be the largest integer such that all c-simplexes of [n] are contained in ∆.
Theorem 2.1.
a) The complexL(C ∆ ) has at most one non-vanishing cohomology group, a coherent sheaf F, if and only if ∆ * is CohenMacaulay. In this case 
c+i non-zero. But then the injective resolution of the vector space dual (I ∆ ) * will have "pure" terms ω E (a)⊗ kṼ a+a 0 −a for a ≫ 0, meaningL(C ∆ ) is a coherent sheaf, if and only if I ∆ has a linear resolution from the very start and this then happens exactly when ∆ * is Cohen-Macaulay.
The fact that F is locally Cohen-Macaulay means that the terms in the Tate resolution are ω E (a) ⊗ kṼ a+a 0 −a for a ≫ 0 and similarly for a ≪ 0. Now applying Hom k (−, ∧ n V * ) to (3) we get a sequence
So the dual of the Tate resolution of C ∆ is the Tate resolution of C ∆ * (up to shift and twist). Thus we get that the condition just stated for the Tate resolution of F must mean that both ∆ and ∆ * are Cohen-Macaulay.
For part c) note that if ∆ is a cone C∆ ′ , there are variables among e 1 , . . . , e n not occuring in any of the minimal generators of I ∆ . Let W → U be the projection from the space with basis given by the variables to the subspace with basis the variables occuring in the generators of I ∆ . Then the Tate resolution
If ∆ ′ corresponds to the coherent sheaf F ′ , then ∆ must correspond to the coherent sheaf i * F ′ by the inclusion i : P(U ) ֒→ P(W ).
Definition 2.2. If ∆ * is Cohen-Macaulay we denote the corresponding coherent sheaf by S(∆).
When ∆ and ∆ * are both Cohen-Maculay we say that ∆ is bi-CohenMacaulay.
Bi-Cohen-Macaulay simplicial complexes
For a simplicial complex ∆ on n vertices, let f i be the number of idimensional simplices. The f -polynomial of ∆ is
If we form the cone C∆ of ∆ over a new vertex, then the f -polynomial of C∆ is
The f -polynomial of the Alexander dual ∆ * is related to f by
Note that the invariants c * and d * of ∆ * are related to those of ∆ by
Proposition 3.1. Suppose ∆ * is Cohen-Macaulay. The Hilbert series of S(∆) is given by
If f ∆ is (1 − t) n−s f where f (1) is non-zero, then the support of S(∆) has dimension s − 1.
Proof. The sheaf S(∆) is the cohomology of the complex
at the term O P(W ) (−c) fc . Since the Hilbert function of O P(W ) (−a) is t a /(1 − t) n we get the proposition by breaking the complex into short exact sequences and running sheaf cohomology on twists of these. The statement about the dimension of S(∆) follows by writing f as a polynomial in (1 − t).
There is also another equivalent set of numerical invariants of ∆. They are related to the f i 's by the following polynomial equation
The crucial thing to take note of here is that when ∆ is Cohen-Macaulay all the h i ≥ 0, [6, II.3] .
We now wish to understand the numerical invariants of bi-Cohen-Macaulay simplicial complexes. The basic types here turn out to be the skeletons of simplices of various dimensions. So let (6) f s,c (t
be the f -polynomial of the (c−1)-dimensional skeleton of the (s−1)-simplex.
for some s. We then say that ∆ is of type (n, c, s).
Proof. Let us first assume that f ∆ (1) which is (−1) d h d is non-zero. We know that d ≥ c and what we want to show is that d ≤ c.
and similarlyf
Then by (4)
Setting t = −1 we get
This gives d − c even and
This is not possible if d ≥ c + 2 and h d−1 and h d * −1 are non-negative. Hence d = c and so f ∆ (t) is equal to f s,c (t).
For the general case write f ∆ = (1 − t) n−s f where f (1) is non-zero. By the relation obtained from (5)
the associated h's do not change by passing from f ∆ to f and similarly for f ∆ * . Hence the argument above goes through and we get the proposition. We now provide a more geometric description of the bi-CM simplicial complexes via their associated coherent sheaves. Let Ω c P n−1 be the sheaf of c-differentials on P n−1 . 
where π is a projection P n−1 P s−1 whose center is disjoint from the support of S(∆).
Proof. a) When ∆ is the (c − 1)-skeleton of a simplex on n elements theñ L(C ∆ ) is the truncated Koszul complex
The only cohomology is the kernel of the first map which is Ω c P s−1 . Since this is a vector bundle, ∆ is bi-CM.
We now prove b) and c). The Tate resolution of S(∆) is
For a general subspace U ⊆ W of dimension s the projection π * S(∆) on P s−1 = P(U ) has (minimal) Tate resolution
Now π * S(∆) and S(∆) have the same Hilbert series and by Proposition 3.1 this is the same as the Hilbert series of Ω c P s−1 . When we twist the latter with c + 1 its global sections are ∧ c+1 U . Now note that if a map
is surjective in degree −c − 1, then it is the map whose graded dual is the unique natural map
Hence the maps
.
P n−1 (c + 1) may be identified and so we must have π * S(∆) = Ω c P s−1 which gives that S(∆) is bi-CM. This proves b) and c).
Topological description of bi-CM simplicial complexes
We shall give an explicit combinatorial and topological description of bi-CM simplicial complexes in the case c = 1. For instance they are all contractible. When c ≥ 2 things do not appear to be as simple and we provide an example which is not shellable and not contractible.
Recall that for a face F in ∆, the link of F is the simplicial complex
Proof. ClearlyH i (∆; k) andH i (∆ ′ ; k) are isomorphic since ∆ and ∆ ′ are homotopic. Now the lemma follows by induction on d using the criterion that ∆ is CM if and only if for all faces F in ∆ and all i less than dim k lkF we have thatH i (lkF ; k) vanishes. Now this gives the following procedure for constructing bi-CM simplicial complexes of type (n, 1, s). Such complexes have d equal to n − s + 1 by Proposition 3.2. Start with a (d − 1)-simplex, which we may consider to be of type (d, 1, 1). Then attach successively (d − 1)-simplices on faces of dimension d − 2. By induction we get a simplicial complex ∆ consisting of s simplices with f -polynomial equal to (1 − t) n−s f s,1 . This is so since
Since also ∆ is CM we get by Proposition 3.4 that ∆ is bi-CM. The following shows that all bi-CM simplicial complexes with c = 1 are obtained this way. 
If each of the facets had at least two of these faces H with lkH consisting of at least two points, then i≥2 is i ≥ 2s. This is impossible, and in fact we see that at least two facets will have d − 1 faces H of dimension d − 2 with lkH a single point. We may then chose the last face H of one of these facets as our sought face G.
Remark 4.3. When n − s = 1 we get one-dimensional simplicial complexes which are graphs. Such a graph is CM if and only if it is connected. It is bi-CM if and only if it is a tree.
The following example will illustrate that the topological description of bi-Cohen-Macaulay complexes with c = 1 cannot be extended to higher values of c. This simplicial complex is a triangulation of the real projective plane. It is isomorphic to its Alexander dual. Over any field of characteristic different from two, it is bi-Cohen-Macaulay. However, it has homology in dimension one over Z/2Z, so it is not Cohen-Macaulay over that field. In particular, it is not shellable.
When are CM-simplicial complexes cones ?
The following proposition gives rise to the problems and results addressed in this section. In particular we are interested in determining for which range of invariants (n, c, s) a bi-CM simplicial complex necessarily is a cone.
Proposition 5.1. Let f be a polynomial. Then there exists e(f ) such that for e > e(f ) if ∆ is a CM simplicial complex with f ∆ = (1 − t) e f , then ∆ is a cone.
Proof. The number c of ∆ is determined by f and the h 0 (S(∆)(p)) are also determined by f (Proposition 3.1) . Now by the proof of Proposition 2.1, h i (S(∆)(c + 1 − i)) is zero for i > 0 so S(∆) is (c + 1)-regular and is generated by its sections when twisted with c + 1. Letting s 1 , s 2 , . . . , s a be a basis for these sections, there is a surjection c + 2) ). Then the kernel K i of each
is at least (n − b)-dimensional. If n > ab (which is the case for e sufficiently large), the intersection of all the K i considered as subspaces of
is not empty. Thus we get a linear form h in H 0 O P n−1 (1) such that all h⊗ s i map to zero. But then S(∆) is contained in the hyperplane h = 0 in P n−1 and so ∆ is a cone by Proposition 3.1.
We now pose the following.
Problem 5.2. For each polynomial f with f (1) non-zero, determine the least number, call it e(f ), such that when ∆ is Cohen-Macaulay with f ∆ = (1 − t) e f and not a cone, then e ≤ e(f ).
In the case where f is f s,c , see (6), we propose the following conjecture for the value of the upper bound of e = n − s when ∆ is not a cone. Conjecture 1. Suppose ∆ is bi-CM of type (n, c, s) and not a cone. Then n − s ≤ c(s − c − 1). Conjecture 2. Suppose F is a non-degenerate coherent sheaf on P n−1 which projects down to Ω c P s−1 on P s−1 . Then n − s ≤ c(s − c − 1). Clearly Conjecture 2 implies Conjecture 1 by letting F be S(∆). The following shows the existence of non-degenerate coherent sheaves F attaining the bound in Conjecture 2 and which cannot be lifted further. Proof. Let us compute the Tate resolution in components c and c + 1. For component c we compute This coordinate will then be one of 1, 2, . . . , m. A connected subgraph can be given a vector where the ith coordinate is equal to the coordinate of the vertex farthest out along the ith tail. Then the number of vertices of the subgraph is equal to the sum of the coordinates.
To show that c has the correct value, we have to show that any given c vertices are contained in a connected subgraph with cm vertices, whereas there are c + 1 vertices that are not contained in any connected subgraph on cm vertices. In the first case, the sum of the coordinates of the points are at most cm, whereas the sum of the coordinates of the c + 1 outer vertices is (c + 1)m. Thus c has the correct value. To see that ∆ is not a cone, we need to show that no vertex is part of all connected subgraph with cm vertices. But if we remove any complete tail, the remaining graph is connected and has cm vertices. Thus ∆ is not a cone.
We will in fact show that ∆ is bi-shellable, not only bi-Cohen-Macaulay. This implies that ∆ is bi-Cohen-Macaulay over any field.
First we will give a shelling of ∆. We are interested in the connected subgraphs of G with cm vertices. Using the associated coordinates, we see that the facets can be arranged as the integer points of a simplex Proof. By Section 4, ∆ is constructed as follows. Start with a d-simplex F 1 . Attach a d-simplex F 2 on a (d − 1)-face and continue attaching F 3 , . . . , F n . Now F 1 , . . . , F s are sets of d elements and for each j there is i < j such that F i ∩ F j consists of d − 1 elements. But then ∩ s 1 F i contains at least d − s + 1 elements and so if d ≥ s, ∆ must be a cone. Since d is n − s + 1 this gives the proposition.
